An isospin-selfconsistent pn-continuum-QRPA approach is formulated and applied to describe the Gamow- 
I. INTRODUCTION
Description of weak interaction processes in nuclei is often a challenge for nuclear structure models. Numerous calculations of the nuclear double beta (ββ) decay amplitudes well illustrate this statement (see, e.g., Refs. [1] ). Uncertainties in theoretical calculations of the Gamow-Teller (GT) two-neutrino ββ (2νββ) decay amplitude M 2ν GT have stimulated experimental studies of the GT (∓) strengths for the transitions to the intermediate 1 + states virtually excited in the decay process (see, e.g. Refs. [2] - [4] ).
As a double charge-exchange process, 2ν(0ν)ββ-decay is enhanced by nucleon pairing which is due to the singlet part of the particle-particle (p-p) interaction. The discrete quasiboson version of the quasiparticle RPA (pn-dQRPA) which accounts for the nucleon pairing is usually applied to calculate the ββ-decay amplitudes in open-shell nuclei [1] . In spite of differences in the model parametrization of the nuclear mean field and the residual interaction in the particle-hole (p-h) and p-p channels, all pn-dQRPA calculations reveal marked sensitivity of the amplitude M 2ν GT to the ratio g pp of the triplet to singlet p-p interaction strengths. Physical reasons for such a general feature of all calculations were analyzed in Ref. [5] , and the sensitivity was shown to reflect violation of the Wigner spin-isospin SU(4) symmetry in nuclei. An identity transformation of the amplitude into the sum of two terms was used in Ref. [5] . One term, which is due to p-p interaction only, depends linearly on g pp and vanishes at g pp = 1 where the SU(4)-symmetry is restored in the p-p sector of a model Hamiltonian. The second term is a smoother function of g pp at g pp ∼ 1, but exhibits a quadratic dependence on the strength of the mean-field spin-orbit term, which is the main source of breaking of the spin-isospin SU(4)-symmetry in nuclei.
Understanding of general properties of the amplitude M 2ν GT helps to improve the reliability of evaluation of the ββ-decay amplitudes. For a quantitative analysis, we use here an isospin-selfconsistent pn-continuum-QRPA (pncQRPA) approach, which was initially proposed in Ref. [6] to describe different strength distributions in single-openshell nuclei. In the reference the full basis of the single-particle (s-p) states was used in the p-h channel along with the Landau-Migdal forces, while the nucleon pairing was described within the simplest version of the BCS-model based on a discrete s-p basis. A rather old version of the phenomenological isoscalar nuclear mean field (including the spin-orbit term) was used in Refs. [5, 6] , as well. A further development of the pn-cQRPA approach applied to description of the ββ-decay matrix elements has been given in Ref. [7] . In this reference realistic (zero-range) forces have also been used in the p-p channel to describe the nucleon pairing within the BCS model realized on a rather large discrete+quasidiscrete s-p basis.
In the present work along with the detailed formulation of the pn-cQRPA approach we use a modern version of the phenomenological isoscalar mean field (including the spin-orbit term) deduced in Ref. [8] from the isospin-selfconsistent analysis of experimental single-particle spectra in double-closed-shell nuclei. The last version of the approach and some applications to the GT observables are briefly described in Ref. [9] .
The paper organized as follows. In Sect. 2 starting from the coordinate representation of the pn-dQRPA equations, we formulate a pn-cQRPA approach. The expressions for different type strength functions are also given. A realistic model Hamiltonian and the calculation scheme are described in Sect. 3. In Sect. 4 the results of pn-cQRPA calculations of the GT ∓ strength functions and M
2ν
GT amplitudes for the number of nuclei are presented and compared with the available experimental data. Conclusions are drawn in Sect. 5.
II. VERSIONS OF THE PN-QRPA: DISCRETE AND CONTINUUM
A. pn-dQRPA equations in the coordinate representation
The first step towards formulation of a pn-cQRPA approach is transformation of the pn-dQRPA equations to the coordinate representation (see also Refs. [6, 7, 9] ). The energies ω s and wave functions |s, J π M of the states in the isobaric (odd-odd) nucleus are usually obtained within the quasiboson version of the pn-dQRPA as a solution of a system of homogeneous equations for the forward and backward amplitudes X The pn-dQRPA eigenenergy solutions ω s are related to the excitation energies E (∓)
x,s measured from the ground-state energy E 0 (Z ± 1, N ∓ 1) of the corresponding daughter nuclei as:
Here, µ p(n) is the chemical potential for the proton (neutron) subsystem found from the known BCS equations, For definiteness, we consider further excitations in the β − channel. The amplitudes X JLS s,πν and Y JLS s,πν are based on the discrete s-p levels π and ν for protons and neutrons, respectively (each set π and ν contains the s.p. quantum numbers n r , l, j). The excitations in the β + -channel are described within the pn-dQRPA by the same equations with substitution p ↔ n (π ↔ ν).
Following Ref. [6] , we transform the system of equations for the amplitudes X and Y into the coordinate representation. Transformation is performed in terms of the four-component radial transition density r −2 ̺ JLS K,s (r) defined as follows:
where u, v are the coefficients of Bogolyubov transformation; χ
being the reduced matrix element of the spin-angular tensor T JLSM (n ≡ r/r); (π) = j π , l π ((ν) = j ν , l ν ) and r −1 χ π (r) (r −1 χ ν (r)), being the s-p proton (neutron) quantum numbers and radial wave functions, respectively. Hereafter we shall sometimes omit the superscript "JLS" and/or the subscript "s" when it does not lead to a confusion.
According to the definition (2), the elements ̺ 1 , ̺ 2 , ̺ 3 , ̺ 4 can be called the particle-hole, hole-particle, particleparticle and hole-hole components of the transition density, respectively. In particular, the transition matrix element to a state |s, J π M corresponding to a probing particle-hole operator
is determined by the element ̺ 1 as:
in the equivalent form:
Here, (rr
is the radial part of the residual interaction, the 4 × 4 matrix (rr
is the radial part of the free two-quasiparticle propagator hereafter taken diagonal on L, S (the so-called "symmetric" approximation [6] ):
is the proton (neutron) quasiparticle energy. Excitations in the β + -channel are described within the pn-dQRPA by Eqs. (5), (6) with the substitution p ↔ n (π ↔ ν). The relationship A KK ′ ,νπ (ω) = A KK ′ ,πν (−ω), which follows from Eq. (6), allows one to reduce pn-QRPA description of excitations in the β + -channel to pn-QRPA description of excitations in the β − -channel. In particular, because of equalities A 11,νπ (ω) = A 11,πν (−ω) = A 22,πν (ω), the transition matrix element to the state |s, J π M corresponding to a probing
) is determined by the transition-density element
In such a description the operatorV
JLSM can be considered as the hole-particle one.
B. QRPA effective operators and strength functions
The next step towards taking the s-p continuum into account is consideration of the effective two-quasiparticle propagator (two-quasiparticle Green function)Ã KK ′ (r, r ′ , ω), which satisfies a Bethe-Salpeter-type equation [7] :
Here, the current energy ω is related to the excitation energy of daughter nuclei: (1)). The spectral decomposition of the effective propagator contains all the necessary information about the pn-QRPA solutions:
In practical applications of the pn-QRPA method it is more convenient to use four-component effective fields V K[I] (r, ω) corresponding to the probing operator V (r) acting in the particle-hole (I = 1) or hole-particle (I = 2) channels. The effective fields are defined as follows:
The system of equations for the effective operators follows from Eqs. (7), (11):
Similar equations are given in Ref. [10] , where they are obtained by the methods of the Migdal's finite Fermi-system theory. By definition, the strength functions corresponding to the probing operators of Eq. (3) are:
Making use of the spectral expansion Eq. (9), one can express the strength functions in terms of the two-quasiparticle effective propagator, or in equivalent terms of the corresponding effective fields:
S (+)
Within the pn-QRPA description of the ββ-decay amplitudes it is useful to consider a "non-diagonal" strength function [7] :
where |0 ′ is the ground state wave function of the final nucleus. Identifying the pn-QRPA vacuum |0 ′ with that for |0 , one gets the following expressions:
Bearing in mind applications of the method to describing the GT ± strength functions and 2νββ-decay amplitude M 2ν GT , in this paper we limit concrete consideration by the case (JLS) = (101) and use for this case the probing GT operatorsĜ
a . Here σ M are the Pauli spherical matrices, the radial part of the corresponding external field of Eq. (3) is V L=0 (r) = √ 4π. The integrated strength functions S (∓)
GT satisfy the Ikeda sum rule equal 3(N − Z).
C. 2νββ-decay amplitude
The nuclear GT − amplitude for the 2νββ-decay into the ground state |0 ′ of the final nucleus (Z+2,N-2) is given by the expression
GT within the pn-QRPA, the vacua |0 and |0 ′ should be identified. As a result of such identification, one hasω s =
with Eq.(1). Therefore, the amplitude (18) can be directly expressed in terms of the "non-diagonal" GT − strength function of Eqs. (16), (17):
An alternative expression for M
2ν
GT is obtained in terms of the "non-diagonal" static polarizibility [7] :
As mentioned in Introduction , the amplitude of Eq. (18) can be decomposed in a model-independent way into two terms [5] :
whereω GT R is the energy of the GT − giant resonance (GTR), and EW SR
GT (ω)dω is the "nondiagonal" energy-weighted sum rule. This sum rule, which is determined by the p-p interaction only, is mainly responsible for the sensitivity of the amplitude M 21) is a smoother function of g pp at g pp ∼ 1, but exhibits a quadratic dependence of the strength of the mean-field spin-orbit term, which is the main source of violation of the spin-isospin SU(4)-symmetry in nuclei.
D. Exact treatment of the single-particle continuum in the particle-hole channel
The above given coordinate representation of the pn-dQRPA equations is fully equivalent to the version usually formulated in terms of the X and Y amplitudes, provided a discrete basis of s-p states is used. However, the use of the coordinate representation allows us to exactly take into account the s-p continuum in the p-h channel and, therefore, to formulate a version of the continuum-pn-QRPA (pn-cQRPA) (see also Refs. [6, 7, 9] ). Within this version the pairing problem is solved on a basis of bound and quasibound proton and neutron s-p states. To take the s-p continuum into account , the following transformations in Eq. (6) is performed: (i) the Bogolyubov coefficients v λ , u λ and the quasiparticle energies E λ are approximated by their non-pairing values v λ =0, u λ = 1 and E λ = ε λ − µ for those s-p states, which lie far above the chemical potential (i.e., (ε λ − µ) ≫ ∆); (ii) the radial s-p Green function
is used to explicitly perform the sum over s-p states in the continuum (λ = ε λ , (λ); (λ) = j λ , l λ ). As a result, we get from Eq. (6) the following representation of the properly transformed free two-quasiparticle propagator:
Here, π < (ν <) means π ≤ π max (ν ≤ ν max ), where π max (ν max ) is taken so that E πmax = ε πmax − µ p (E νmax = ε νmax − µ n ) with an acceptable accuracy, and the projected radial s-p Green function is:
The first sum in this expression is running over all the s-p states and can be calculated via a product of the regular and irregular solutions of the corresponding s-p Schrödinger equation. Such a representation of g (λ) (r 1 , r 2 , ε) has been used in Ref. [11] to formulate the very first version of the continuum-RPA. Other A KK ′ (r, r ′ , ω) components in Eq. (22) are obtained in the same way, as it is done in Eq. (6). Thus, Eq. (22) together with Eqs. (23) and (12) realize a version of the pn-cQRPA method. As applied to description of the Fermi and GT strength distributions in single-open-shell nuclei, the method was used in Ref. [6] . This pn-cQRPA approach has been applied to description of the ββ-decay matrix elements in Ref. [7] .
Within the pn-cQRPA the spectral decomposition of Eqs. (8)- (10) remains valid, provided the continuum-states |s (normalized to the δ-function of the energy) are taken into consideration. These states are characterized, in particular, by the particle-hole (hole-particle) energy-dependent transition densities which determine the strength functions as follows:
These transition densities can be expressed in terms of the effective fields corresponding to the probing operators of Eq. (3) and their partners. Supposing the p-h interaction is of zero range (with the intensities
, one gets from Eqs. (12)- (15) the expressions:
(r, ω)
The intensities F S may be radial-dependent.
III. CALCULATION OF THE GT STRENGTH FUNCTIONS AND THE 2νββ-DECAY AMPLITUDES WITHIN THE PN-CQRPA
A. Model Hamiltonian: interactions in the particle-hole and particle-particle channels
For quantitative realization of the relationships given in the preceding Section, we specify the nuclear Hamiltonian. We adopt here the realistic model Hamiltonian, which is an extended version of that used in Refs. [6, 7] . The Hamiltonian consists of the mean field and residual interactions. The partially selfconsistent mean field is described in the Subsect. B. Here, we specify interactions in the p-h and p-p channels,Ĥ p−h andĤ p−p , respectively. AsĤ p−h , we use the Landau-Migdal forces in the the charge-exchange channels:
where the intensities F S of the non-spin-flip (S = 0) and spin-flip (S = 1) parts of this interaction are the phenomenological parameters. We choose the zero-range p-p interaction in both the neutral (pairing) and charge-exchange channels:Ĥ
where G S are the intensities of the p-p interaction in the S = 0, 1 channels, and (differently from the below-given equations) the sums over s-p states include the neutron and proton states, (λλ
dr r 2 . The annihilation operator P JM for a nucleon pair is given, as follows:
where a λm (a † λm ) is the annihilation (creation) operator of a nucleon in the state with the quantum numbers λm (m is the projection of the particle angular momentum), JM |j λ m, j λ ′ m ′ is the Clebsh-Gordan coefficient. The p-h interaction of Eq. (26) can also be expressed in terms of the operators a † and a:
where the creation p-h operator A † is given as follows:
In solution of the pairing problem we simplify the p-p interaction (27) for the 0 + neutral channel, using the "diagonal" approximation:
. The nucleon pairing is described with the use of the Bogolyubov transformation in terms of the quasiparticle creation (annihilation) operators α † λm , α λm (see, e.g., Ref. [12] ). As a result, the following model Hamiltonian is obtained to describe charge-exchange excitations within the pn-QRPA:
Here, E λ = (ε λ − µ) 2 + ∆ 2 λ is the quasiparticle energy. The chemical potentials µ and the energy-gap parameters ∆ λ are determined by solving the BCS-model equations for even and odd subsystems (with the number of nucleons N (even) and N (odd) nucleons, respectively):
Here, λ 0 labels the level occupied by the odd qausiparticle. Following the standard procedure, we introduce different strengths G 0 n and G 0 p of the p-p interaction in the 0 + pairing channels to reproduce the experimental pairing energies. The latter are expressed via the ground-state binding energies calculated within the BCS model:
The level λ 0 is chosen from the minimum of the calculated −E b , and/or accordingly to the quantum numbers of the odd-nucleus ground state. To roughly correct for double counting in evaluation of the total energy, we properly modify Eqs. (35), (36):
Here U λλ is the diagonal matrix element of the nuclear mean field (Subsect. B.).
The explicit expressions for the p-h and p-p interactions in terms of the quasiparticle (pn)-pair creation and annihilation operators are:
where
The forward and backward amplitudes X and Y are defined by the corresponding matrix elements X 
Thus, within the model under consideration there are four phenomenological interaction strength parameters F S , G S (S = 0, 1) which will be specified below.
B. Model Hamiltonian: the mean field and selconsistency conditions
The nuclear mean field consists of the isoscalar (central and spin-orbit), isovector and Coulomb parts:
where v(r) is the symmetry potential. Within the model the mean-field isoscalar part is treated phenomenologically (that seems well justified for description of isovector excitations), while the isovector and Coulomb parts are calculated selfconsistently.
The realistic phenomenological isoscalar mean field is parametrized as follows:
where f W S = (1+exp( r−R a )) −1 is the Woods-Saxon function with the radius R = r 0 A 1/3 and the diffuseness parameter a. To avoid spurious violation of the isospin symmetry caused by the mean-field isovector part, the latter is calculated using the isospin-selfconsistency condition [6] . This condition relates the symmetry potential to the isovector nuclear density (the neutron-excess density) via the isovector (non-spin-flip) part of the p-h interaction (26):
Here, the neutron and proton densities are calculated with taking into account nucleon pairing:
The mean Coulomb field U C (r) is also calculated selconsistently within the Hartree approximation via the proton density (46),(47). Thus, the above-described mean field is a partially selfconsistent one. Nevertheless, the isospin symmetry of the model Hamiltonian is slightly violated due to approximate description of the nucleon pairing (the use of the "diagonal" approximation, truncation of the s-p basis, different values of the G 0 n and G 0 p pairing strengths). These approximations can affect the quality of the calculated Fermi excitations, but they seem to be of rather minor importance for calculations of the GT excitations considered in this work.
C. Choice of model parameters and the calculation scheme
Recently, a partially selfconsistent mean field has been adopted to describe experimental single-particle spectra in the doubly-closed-shell nuclei 48 Ca, 132 Sn, 208 Pb [8] . As a starting point, the fully phenomenological mean field of Ref. [13] was used. The deduced strength parameters U 0 , U SO , F 0 = Cf ′ (C = 300 M eV · f m 3 ) and also the diffuseness parameter a reveal a weak A-dependence (the value r 0 =1.27 fm is taken the same for all nuclei [13] ). This point allows us to use for the nuclei under consideration the properly interpolated values of the model parameters mentioned above (Table 1) . Then, the partially selfconsistent mean field (42)-(47) and the corresponding s-p level scheme are calculated to get a basis for the BCS solution of the nucleon pairing problem accordingly to Eqs. (32)-(34). This problem is solved consistently with calculation of the symmetry potential and mean Coulomb field by making use of the neutron and proton densities (46), (47) and a set of the pairing strength parameters G 0 α . The latter are then fitted to reproduce the experimental pairing energies E pair [14] :
with "+" or "-" related to N (even) or N (odd), respectively. As E b in this expression (the corresponding experimental values are taken from Ref. [15] ), we use the properly modified ground-state energies of Eqs. (35),(36). For the subsystems having N c ± 2 nucleons (N c is a magic number) we use a simplified expression for the pairing energy:
The parameters G 0 n,p = Cg 0 n,p , fitted as described above, are listed in Table 1 . To reduce an artificial violation of the isospin symmetry, caused by the use of only discrete (quasidiscrete) s-p states in description of the pairing problem, we use the same number of these states N d+qd for the proton and neutron subsystems. The N d+qd values for the nuclei under consideration are also given in Table 1 . The energy and the radial wave function of a quasibound state λ are found using the representation of the radial Green function, which is valid inside the nucleus at the energies close to the quasibound state energy:
where Γ λ is the quasibound-state escape width. After the consistent solution of the pairing problem, we turn to evaluation of the GT ± strength functions and amplitudes M 2ν GT within the present pn-cQRPA approach. To calculate these quantities in accordance with Eqs. (12) , (14), (15) and Eqs. (17), (19) , (21), respectively one has to choose the strengths F 1 = Cg ′ and G 1 (or g pp = 2G
1 /(G 0 n + G 0 p )) of the spin-flip parts of the p-h and p-p interactions. Using in evaluation of the GT − strength function the realistic value g pp = 1, we find the strength g ′ to reproduce in calculations the experimental GTR energy. The fitted strength values are listed in Table 2 . These values are weakly dependent on the variation of g pp in a vicinity of the point g pp = 1. Having chosen g ′ , the amplitudes M 
